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HARMONIC ANALYSIS ON GRASSMANNIAN BUNDLES

ROBERT S. STRICHARTZ!

ABSTRACT. The harmonic analysis of the Grassmannian bundle of k-dimen-
sional affine subspaces of R™, as a homogeneous space of the Euclidean mo-
tion group, is given explicitly. This is used to obtain the diagonalization of
various generalizations of the Radon transform between such bundles. In ab-
stract form, the same technique gives the Plancherel formula for any unitary
representation of a semidirect product G X V (V' a normal abelian subgroup)
induced from an irreducible unitary representation of a subgroup of the form
HxW.

Introduction. Let G, i denote the Grassmannian manifold of linear k-dimen-
sional subspaces of R™, and let P, x denote the Grassmannian bundle of affine k-
dimensional subspaces (also called k-planes), so P, k is a bundle over Gy, x with fibre
dimension m, where m + k = n. In group-theoretic terms, G, x = G/H, where
G = SO(n) and H = S(O(k) x O(m)), or we could just as well take G = O(n)
and H = O(k) x O(m). Let p denote the standard representation of G on V = R"
and form the semidirect product G x V', the Euclidean motion group, with group
law (g1, 1) (g9, z) = (919, 1+ p(g91)z). The Eucidean motion group acts naturally
on the bundle P, k. If we let o denote the subspace spanned by the first k basis
elements ey, ..., ek, then the isotropy subgroup of mg is H x W where W is the
subspace mg. Thus P, =G < V/H xW.

In this paper we obtain the explicit harmonic analysis on P, i, the decomposi-
tion of L2(P, ) (with respect to the invariant measure) into a direct integral of
irreducible representations of G x V. This is accomplished in two stages. In the
first abstract stage (§2) we let G be any compact Lie group and p any real repre-
sentation of G on V', and for functions f(g, z) invariant under the right action of a
subgroup H x W we obtain the Fourier decomposition formula

f(g.2) = /A S Faslg,z) dv().

€A

Here A is an index set for the orbits in W+ under the action of H. If we choose
a point 2, in each orbit and let G, and H) denote the isotropy subgroup of z in
G and H respectively, then A) denotes the set of irreducible representations of G
that occur in L?(G,/H)). The measure dv()) is determined by dz = duxdr()),
where dz is Lebesgue measure on W+ and du, is the invariant measure on the orbit.
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The space of Fourier components F) s for fixed A, 6 (for 6 € A)) realizes a primary
(or irreducible) representation of G X V' induced from a primary (or irreducible)
representation of G, x V associated to the parameters § and z) by the Mackey
theory. The expression for F) s in terms of f is

Fustea)=@n ™ [ [ [ flaher slahas")0,2)

X K/\"s(gA)e—i(z,ZA)ei(z,p(gh)a) dz dgy dh,

where K s(gx) is the bi-H-invariant zonal function on G associated to the rep-
resentation 6.

In the second explicit stage (§3), we return to the case of P, x and seek an explicit
formula for one typical Fourier component F) s for each )\, 6. What we obtain is
(for a particular choice of f)

Frs(g,7) = Ms (g <O)> eM@9(sen)) gg
O(m) S

where Ms(wy,...,wn) is an explicit function defined in terms of certain determi-
nants and (se,) means we let s € O(m) act on the last m components. This is
analogous to our previous description of harmonic analysis on G,  in [10]. The
function F) s obtained is “marked” in that it lies in a certain one-dimensional sub-
space, a highest weight subspace for a certain irreducible representation of G which
occurs with multiplicity one in the representation induced from é on G. Thus any
intertwining operator from functions on P, x to functions on P, ; must send each
such F3 5 on Py 1 to a multiple of F) 5 on P x.

This is extremely useful in applications. As an illustration (§5) we diagonalize
certain generalizations of the Radon transform. We fix k' and k, and we choose an
integer parameter 7 with max(0, k+k’'—n) < j < min(k, k¥"). Then define R(k', k, 7)
from functions on P, j to functions on P, x by R(k',k,7)f(r) = [ f(«'), where the
integral is taken over all k’-planes 7’ that intersect the fixed k-plane 7 orthogonally
in a j-dimensional set. These transformations include the usual k-plane transform
and its dual, and also certain transforms considered by Gonzalez (3]. For those
values of § which occur in both P, x» and P, k, we have

R(K'k,5)F} s = N 7%c(8)Fys,

where c(6) is given as the ratio of certain compact integrals. Of course R(k', k,7)F} s
= 0 if § occurs in P, x but not P, x, and this happens when min(k’,n — k' — 1)
> min(k,n—k—1). It seems likely that this approach will yield an inversion formula
for the remaining cases if it is possible to compute the factors ¢(6) more explicitly.

The abstract harmonic analysis in §2 is extended in §4 to include more general
induced representations of semidirect products. Let G X V denote a semidirect
product, where V is a locally compact abelian group, G is a locally compact group,
and p is a continuous homomorphism of G into the automorphisms of V', with the
group law as before. Consider any closed subgroup of the form H x W and any
representation of G X V induced from an irreducible representation of H x W. We
assume some weak measure-theoretic regularity, so the Mackey theory applies. By
passing to a smaller subgroup if necessary, we may assume without loss of generality
that the representation we are inducing from has the form = x x, where 7 is an




HARMONIC ANALYSIS ON GRASSMANNIAN BUNDLES 389

irreducible unitary representation of H on a Hilbert space ¥ and x is a character
of W such that p(H)x = x.

This time there are three parameters involved in the harmonic analysis of a func-
tion f € L2(GxV, ¥, T x x), the representation space of the induced representation.
First set Z = V/W, decompose Z under the action p(H) into orbits, and let A be
a parameter space for the orbits, with ¢\ a representative point in each orbit. As
before let G and H) denote the isotropy subgroup of ¢) in G and H, respectively.
Second, for each fixed ), restrict # to H) and decompose into a direct integral
i) 4 Ta da of primary (or irreducible) representations (7, denotes such a representa-
tion of Hy on ¥,). Third, for each fixed A and «, decompose the representation of
G induced from the representation m, of Hj into a direct integral | PR dé

of primary (or irreducible) representations of Gy. Then the Fourier decomposition

18
f= / / Fy o5 d6 dadu()),
aJala, .

where the Fourier component F) , s lies in a space of functions equivalent to the
representation space for G X V' of the representation induced from 7y o5 X (X +¢\)
on Gy xV.

The paper concludes (§6) with some remarks, including some open problems that
appear interesting.

The motivation for studying harmonic analysis on Grassmannian bundles, aside
from its intrinsic interest and applications to Radon transforms, comes from the
theory of affine symmetric spaces. Recall that an affine symmetric space is defined
to be a homogeneous space of a Lie group where the factor group is the fixed point
set (or a union of connected components of it) of an involution (see Berger [1]). Now
the harmonic analysis of compact symmetric spaces, such as G, , is well known,
as is the case of noncompact Riemannian symmetric space (G/K, G semisimple, K
maximal compact). Recently, considerable effort has gone into trying to understand
semisimple symmetric spaces, where G is assumed semisimple. See Flensted-Jensen
[2] and Oshima [9] for expositions of the current state of knowledge, which is very
incomplete. The semisimple symmetric spaces possess the additional structure of
an invariant semi-Riemannian metric (it is the geodesic symmetries with repect to
this metric that explain the nomenclature “symmetric”).

Now the Grassmannian bundles are examples of affine symmetric spaces of a
degenerate sort; in particular, they possess no invariant semi-Riemannian metrics
(this is discussed in §6). But they can be realized as limits of compact or semisim-
ple symmetric spaces. To explain the compact limit we may regard Gpni1k+1
as the space of k-planes in the n-sphere S™ (here k-plane means totally geodesic
k-dimensional submanifold) by embedding S™ in R**! in the usual way and inter-
secting the (k + 1)-planes in R**! with S™. Then by realizing R™ as the limit of
spheres of radii — co we obtain P, j as a limit of Gp11,k+1. But we can also realize
R™ as the limit of hyperbolic n-spaces with curvature — 0 and so obtain P,  as
a limit of O(n,1)/0(k,1) x O(m). Thus the results of this paper may give some
indication of the kind of phenomena that might arise in the harmonic analysis of
these hyperbolic semisimple symmetric spaces.

The author is grateful to S. Helgason for many useful suggestions.
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2. An abstract Plancherel formula. Let G be a compact Lie group, V a
finite-dimensional real vector space, and p a representation of G on V. On the
Cartesian product G x V' define a semidirect group product by

(2.1) (9,2) o (91,71) = (991, + p(g)z1)-

Let H be a closed subgroup of G and W a subspace of V such that p(H)W C W.
Then H x W is a subgroup of G x V. The goal of this section is to obtain the
Fourier decomposition of L2(G x V/H x W) with respect to the invariant measure
into a direct integral of primary components.

We may equip V with an inner product (z,y) which makes 7 an orthogonal
representation, and then we may identify V with its dual. Write V = W @ W+
and z = (y,2) forz €V, ye W, z€ W+. A function f on G x V/H x W can be
identified with a function on G x V satisfying f(g,z) = f(gh,z + p(g)(y,0)) for all
h € H, y € W. It is uniquely determined by its values at points (g, p(g)(0, z)) for
z € W+, and we put

1718 = [ [, 1f(a.l0)0.2)? dzds.

The harmonic analysis on G X V//H x W proceeds in two stages; in the first stage
we take the Euclidean Fourier transform on W+ and group terms in p(H) orbits.
Thus write WL = (J,c, Zx, where each Z), is a p(H) orbit in W+ and A is any
convenient parameter set. Each orbit Z) supports a measure duy which is invariant
under p(H), again normalized to have total mass one. Then there exists a unique
measure dv()) on A such that dz = duydv(}).

Now take f in L?(G x V/H x W), and assume first that f is C* with compact
support. Fix ¢ and define

(22 fla.s)=@m™ [ fla.pla)0,2)e e s,
where ¢ € W+ and m = dimW+. Then

fla.p@0.2) = [ Fa.0et dc

by Euclidean Fourier inversion, hence

flg,z) = / (g, ¢)e¥@p@©) ge
wi

(2.3)
=Anwwwm,

where

(2.4) Fr(g,) = / F(g,¢)=0@O gy, (¢).
Z

Note that under the left action of (g1,z1) in G X V, F} is sent to

/Z (f(g1g, ¢)exF1:P(@19)0:))e2:8) gy (¢)
A
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forz = p(9)(0, ¢), so the decomposition commutes with the group action. Also note
that f(g,¢) = f(gh™1, p(h)¢) for all h € H and

(25) 118 = oy [ [ \flavs)P dods

by the Plancherel theorem. For a general function f in L?(G x V/H x W) we
approximate by functions in CS,, and pass to the limit; (2.2)—(2.5) continue to
hold in the appropriate sense. Furthermore the map f — f is onto all L2 functions
satisfying f(gh™!, p(h)¢) = f(g,¢) for all h € H.

In the second stage we need to decompose the functions F) further. For each
orbit Z) choose a point z) € Zj, and let H) and G, denote the subgroups of H and
G that fix z). Then the p(H)-orbit Z) can be identified with H/H) and Z) C X,
where X is a p(G)-orbit in W that can be identified with G/G). There is usually
a “nice” way to choose z) as )\ varies so as to minimize the number of different H)
and G groups. R

We then define ¢)(gH)) = f(g,2x), s0 ¢y is a function on G/H) and ¢, deter-
mines f(g,¢) for all ¢ € Zy. In terms of ¢, we have

(2.6) Fa(g,7) = / b (gh)@P(eM=) g,
H

and the left action of (g;,z1) on F) intertwines the action

(2.7 B — Pa(grg)eFrP(919)20)

Furthermore, by (2.5) we have || f||3 = (27)™ [, ||¢all3 dv()), where ||¢,||2 denotes
the L2 norm on G/H), and the mapping f — ¢, is onto L? sections A — L?(G/H,).

If we were to ignore the action of V', we would be asking for the Fourier decom-
position of L2(G/H,), or equivalently the representation induced from the trivial
representation of Hy. The action of V requires that we induce in stages from H) to
G and then from G to G. Of course the representations induced from irreducible
representations of G extend to irreducible representations of G x V according to
Mackey’s theory (8].

Thus let 6§ denote any irreducible representation of G that occurs in L2(G/H)).
Such representations are said to be of class one with respect to Hy. Let m) s denote
it multiplicity in L2(G»/H,). Equivalently, m, is the dimensions of vectors in the
representation space of 6 that are invariant under the action of Hy. Let )5 denote
the space of functions in L2(G»/H,) which transform according to 6, and Py s the
orthogonal projection operator from L?(G»/H)) onto 5. Then

(2.8) f=)_ Prsf

€A

is the primary decomposition of functions in L2(Gy/H,), where Ay denotes the
set of all H) class one representations. Of course we could further decompose X5
into m) s irreducible pieces, but in general there is no canonical way of doing this.
Let K 5(gx) denote the bi-Hj-invariant kernel on G, that realizes the projection
operator P, s as a convolution operator on G,

(2.9) Prsblel) = /G B(ghax K 5(02) dox
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for g} € G, and functions ¥ on G} satisfying ¥(g)\hx) = ¥(g})-
Now for each fixed g € G apply (2.8) and (2.9) at g) = e to the function
¥(g)) = #x(gg)) and substitute into (2 6) to obtain

(2.10) Fi(g,z)= ) _ Farslg,z
5€A

where
@11)  Faslg,2) / / 6x(ghg; ) s (g)e =P M=) dgy dh.

Now (2.3) and (2.10) give the final Fourier decomposition formula

(2.12) f(g,z) / Y Faslg.x)dv(N).

Asenn
Substituting the definition of ¢, and (2.2) in (2.11) yields

)i
213) Faston) =0 [ [ [ flahar’ plohai")0.2)

x K\ 6(g/\)e—i(z,zx)ei(z,p(gh)n) dzdgrdh

which expresses the Fourier components F) s explicitly in terms of f. It is more
illuminating, however, to introduce the functions ¢, s on G/H) by

(2.14) Pxrs(g / ox(995 ) Kx,5(92) dga.

These functions play the role of the “Fourier transform” of f and are given explicitly
in terms of f by

215) ons(0) =0 [ [ flags™ plags )02 Kool dadn,

while the Fourier components are given in terms of the Fourier transform by

(2.16) Frsl0.2) = [ ons(ah)ei=2oh=) dh,
By the orthogonality of the decomposition (2.8) we obtain the Plancherel formula
(2.17) 115 = o™ [ 3 ol dv(y).

6€AA

Notice that ¢, s is a function on G/H) with the property

(2.18) ®x,5(99)) € Hs

as a function of g, for each fixed g € G, and also the action of G XV on f intertwines
the action (2.7) on ¢, s. Therefore, the space of all functions F) s given by (2.16)
under the action of G x V realizes a primary representation of G X V consisting of
my,s copies of the irreducible representation in Mackey’s theory associated to the
orbit X and representation § of G. Finally, the Fourier transform map f — @y s
is an isometry of L2(G x V/H x W) onto the L? space of all ¢, s satisfying (2.18)
for which the right side of (2.17) is finite, since we have already observed that the
mapping f — ¢, is onto and the decomposition ¢5 — ¢ s is onto by the theory
of induced representations.
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We can summarize the results as follows:

THEOREM 2.1. Define a Fourier transform f — ¢y s for f € L2(GxV/H xW)
by (2.15), the integral over W+ interpreted as a suitable limit. Then ¢xs is a
function on G/H) satisfying (2.18) and such that the right side of (2.17) is finite,
and the mapping f — érs 15 an isometry onto the space of all such functions.
Define the Fourier components Fy s by (2.16). Then f is a direct integral of Fourier
components gien by (2.12), the integral being interpreted in a suitable limiting
sense, and this constitutes a decomposition of L*(GxV/H xW) as a representation
of G xV 1into a direct integral of primary representation. Each component F s lies
in a space of my s copies of the irreducible representation associated to the orbit X
and the representation § of G,.

REMARK. The theorem is most useful in the case that all multiplicites m) s are
one, for then the primary representations are irreducible. One case in which this is
always true is if G x V/H x W is an affine symmetric space, in the sense that there
exists an involution o of G X V such that H X W is the fixed-point set of 0. It is
easy to see that o must then preserve G, so that G,/H) is a compact symmetric
space, and it is well known that the irreducible represenations of G, occur with
multiplicity one in L?(G»/H)).

If T is a bounded operator on L%(G xV/H x W) which commutes with the group
action, then there exists a bounded multiplier (), ) such that

Ti03)= [ 3 vOFs(0,2) d()

A €A

if f is given by (2.13), or
TFys =v%(A0)Fxs

if TF) s is well defined (the functions F) s are not L2?). In order to compute the
multiplier ¥(), ) it is convenient to have an explicit expression for one particular
function F) s for each A, 6. Notice that (2.16) gives such an expression in terms
of ¢, once we find ¢, s satisfying (2.18); however, neither (2.14) nor (2.15) give
a satisfactory expression for ¢, . In the next section we will write down more
explicit expressions in some special cases.

3. Grassmannian bundles. We now specialize to the case of the Grassman-
nian bundle P, i of affine k-planes in R™ where k¥ < n — 1. Here we may take
G = SO(n) and p is the standard representation of G on V = R™. Let mg de-
note the k-plane through the origin spanned by the first k basis vectors. Then the
isotropy subgroup of G x V fixing mo is H x W, where H = S(O(k) x O(n—k)) con-
sists of matrices of determinant one in block diagonal form (§ g) with a € O(k) and
be O(n—k), and W is the k-dimensional subspace of vectors of the form (g) with
y € R*. We could equally well take G = O(n), in which case H = O(k) x O(n —k).
The only change would be that in the case n = 2k + 1, pairs of representations will
coalesce into one. In either case, G X V/H x W is an affine symmetric space in that
H x W is the fixed-point set of the involution

(e 0)(2)=(s 2)=(2)
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Now the orbits in W+ under the action of H are exactly the spheres of various
radii and the origin, but we may ignore the origin since it is a set of measure zero.
Thus it is natural to take the parameter set A to be the positive reals, and

0

= 0 for each A > 0.

A

In this way all the groups H) are the same, namely S(O(k) X O(n — k — 1)), in
the form (3 ) as above with b= (§9) and ¢ € O(n — k — 1). Similarly all the G,
groups can be identified with SO(n — 1) in the form (g ?) with d € SO(n - 1).

Next we need to identify those representations of G which are of class one with
respect to Hy. Since G)/H) is the compact symmetric space Gn_1 k, the answer
is well known. Choose the maximal torus T in G, consisting of rotations in the
1-2,3-4,...,(2v — 1)-2v planes, where v = [(n — 1)/2]. Irreducible representations
of G are indexed by highest weight vectors § = (61, ...,6,) with respect to T%,
where 8;,...,6, are integers satisfying 6, > 62 > --- > 6, > 0if n — 1 is odd and
8y > 63>+ > |6, if n—1is even. The weight vectors § corresponding to class
one representations (see §6) are those satisfying

(3.1) all §; areevenand 6; =0if y > korj>n—-k—-1

For each such § our goal is to find an explicit expression for a function ¢y s
satisfying the transformation law (2.18). To do this it is convenient to consider
the Stiefel manifolds which lie between the rotation group and the Grassmannian
manifolds. Let S?, denote the set of n X m real matrices w = (wy,...,wn) whose
columns w; are orthonormal vectors in R". Equivalently, w*w = Ixm. Then
Sr = SO(n)/SO(n — m) for m < n — 1. Notice that O(m) acts on S by mul-
tiplication on the right and the quotient is exactly G,k for k = n — m. Thus
functions on Gy, x may be thought of as functions on S}, which are invariant under
right multiplication by O(m). We need a slight extension of this idea to understand
condition (2.18).

Now fix the values of k and m with k+m =nand 1 < k,m < n—1. For
w € S, write w = (w',wm), where W’ = (wy,...,wm—-1). We think of w’ as an
element of S7~} for the Euclidean space w;;. Let us write ¥s(ws;) to denote the
space of functions on S7_} (w) which transform under the left action of SO(n—1)

on S~} (wk) according to the representation 4.

LEMMA 3.1. There is a one-to-one correspondence (G-equivariant) between
functions ¢ on G satisfying

(3 2) ¢(g) = d’(ghk) fOT all h/\ S H/\,
' #(g99x) € ¥s as a function of g €G) for all g€ G

and functions f on S satisfying

{f(w’,wm) = f(w'r,wm) for all r € O(m —1) and

(3.3) fW', wm) € Xs(w) for each fized unit vector w,, € R",
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the correspondence being given by
(3.4) #(g) = f(w)

if w equals the last m columns of g.

PROOF. Note that (3.4) is the same as ¢(g) = f (g( I?..))' From this it is easy

to see the equivalence of the conditions ¢(g) = ¢(ghy) and f(w',wm) = f(W'r,wm)
and that the mapping is well defined and G-equivariant. For the case g = I it is
clear that ¢(gg») € X5 is equivalent to f(w’,wm) € Xs(w;s) for

0

wWm : ’
0
1

and the general case follows by G-equivariance. 0O

The problem now is to find functions satisfying (3.3). To simplify matters we
will first drop the invariance condition f(w’,wm) = f(w'r,wn,), for we can obtain
it in the end by an averaging process. Now in [10] we gave a formula for some
functions in ¥s(ws,). For simplicity first take

0

W = | *

0

1
Let a; = e2;—1 +tey; denote the vector in C™ with the value 1 in the 25 — 1 position
and 7 in the 2j position for 7 = 1,...,v (these are clearly positive root vectors for
the maximal torus T%). Let M;(w’) denote the determinant of the j X 7 matrix
{ap - Wm—q}, P,g=1,...,7, for § < vy where vy = min(m — 1,k). If n — 1 is even

and m—1 = k = v we will also need to define M, (w’) in the same way except that
a, is replaced by a,.

Let 6 = (61,...,6,0,...,0) be a weight satisfying (3.1). Then Theorem 1 of
[10] says that

(35) f) = T] My)™

Jj=1

is in ¥s(wy) for 2); = §; — 641 (in the special case v =g =m —1 =k if §, is
negative we replace M, (w') by M (v') and 2X, = =4,).

Now we want to understand the case of more general w,,, and for this it is
necessary only to abstract the salient features of the vectors a;. It is clear that we
have v linearly independent vectors in C™ satisfying

(3.6) a;-a;=0 and a; wyp=0

and conversely if (3.6) holds then (3.5) isin ¥s(w;;). (Inthecasev =vg =m—1=k
we have to distinguish the two orientations of the vectors a; in order to decide the
sign of 6,.) To make the dependence on the vectors a; clear we will write M;(w’, a).
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Now to construct functions satisfying (3.3) we need to solve the following prob-
lem: Find f(w',wm) such that for each fixed wy,, there exist vectors a;(wy) such
that f(w',wm) = M;(w', a(wm)). While it is obvious that such functions exist, we
would like a solution with as simple an expression as possible. It turns out that there
is a very elegant solution, which we have discovered by trial and error and other
methods and which is easily verified to have the desired properties. The basic recipe
is to let M;(w) be the determinant of the j x j matrix {ap - Wm—q+1}, D, =1,...,7
for 2 < j < vy + 1, where the vectors a; = ez;_1 + iez; as before. This definition
makes sense in all cases except when nisodd, m—~1=k=v,and j=v+1. In
that case we define M (w) to be the determinant of

ap - Wm ai - Wm-—1 ap - wi
Om—-1"Wm Am-1"Wm-1 -°° Q(am-1-W1
en-wWwmtl ey wWnm_1 €n - W1

LEMMA 3.2. (a) In all cases except when n is odd and m — 1=k = v, let

(3.7) aj(wm) = (Wm - a1)aj+1 = (Wm - @j4+1)a1.
Then for each fized wy, with w, - a1 # 0 the vectors aj(wm) satisfy (3.6) and
(3.8) M;(w) = ¢;(wm)M;_1(w', a(wm))

for some constant c;j(wm).
(b) When n is odd and m — 1 =k = v, define aj(wm) by (3.7) for 1< j<m-1
and

(3.9) am(wm) = (Wm - a1)(en £ wm) — (Wm * (€n £ wm))ay.

Then again (3.6) and (3.8) hold, with the orientation of the vectors a;(wm) agreeing
with the choice of +.

PROOF. For (a) take the matrix

ai - Wm al'wm—j+l

a; - Wm Qj * Wm—j+1

whose determinant is Mj (w), multiply all the rows except the first by a1 - wm, and
then subtract a; - w; times the ﬁrst‘row from the 7th row. This only changes the
determinant by the factor (a; - wm)’ !, and clears the first column to

so we can read off (3.8). Also (3.6) for aj(wm) is an immediate consequence of
definition (3.7) and the analogous properties of the a;. For (b) we do an analogous

procedure to the matrix whose determinant is M,ﬁ (w). Again we multiply each row
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except the first by a; - wy,, and subtract a; - w; times the first row from the th row
for2<1<m-1, and e, - w, £ 1 times the first row from the last row. This clears
the first column as before, but we require one additional observation. The last row
is now (0 dp, - Wrm—1-"dm - w1), where d, = (a1 - wm)en — (én - wm £ 1)a;. The
observation is that while d, is not equal to a,,(wm) as given by (3.9), we still have
dm - Wi = am(wm) - w; for 1 < m — 1. The reason for this is simply that wy, -w; =0
since w € S. The verification of (3.6) for 7,5 < m — 1 is immediate, and

am(wm) : am(wm) = (wm . a1)2(en + wm) . (en + wm)
- 2(wm : al)(wm R l)al . (:i:wm)
= (Wm - a1)%(2 £ 265 - Wi — 2(1 £ Wy, - €,)) = 0.

A simpler computation shows a;(wm) - @m(wn) =0 for 7 < m.

Finally, we need to consider the relative orientations of the vectors a;(wn). Since
the orientation clearly varies continuously over the set of w,, for which M,ﬁ (w) is
not identically zero in «’, it is necessary to observe that this set is connected, and
then compute the orientation for one choice of wy,. Now the argument just given
shows that MZ(w) is not identically zero if a; - wm # 0, and analogous reasoning
using the ith row in place of the first row shows that MZ(w) is not identically zero
if a; - wy # 0 for one 7, 1 < ¢ < m. This leaves only two possibilities, w,, = *e,,
of which one occurs (when the + signs are mismatched). This shows that the set
of wy, for which Mf,t, (w) # 0 to be the sphere minus a point, which is connected.
Choosing wn, = e, we also see M;;(w) = 2(—1)™M;._, (') which gives the positive
orientation. Now for w,, = —e, we have M, (w) = 2(-~1)™~1M}_, (o), but this
is now the negative orientation since it takes an orientation reversing map to send
—e, to e, and to leave the other basis elements fixed. Q.E.D.

THEOREM 3.3. Let 6 = (61,...,6u,,0,...,0) be a weight satisfying (3.1), and
let

Vo
(3.10) fs@ = [ I ¥ysa(an o)
where
(3.11) 20\ =6 — 641

(in the special case v = vg = m — 1 = k we take 2)\, = |6,| and use M} or M
according to sgné,). Then fs satisfies (3.3) and is not identically zero.

PROOF. The first part of (3.3) follows from the O(m — 1) integral in (3.10), and
the second part follows from Lemma 3.2 and the invariance of this condition under
right multiplication w’ — w’r. To see that fs is not identically zero we choose
Wn = €1, Wm—1 = €3,...,W; = €2m—2;+1. With this choice ay, - wq is always real, so
M, +1(w'r,wm)? > 0, and we have in (3.10) an integral of a nonnegative function.
The integrand is clearly continuous in r and assumes the value one when r is the
identity, so fs is positive. Q.E.D.

For some applications it is useful to note that (3.10) produces a “marked” func-
tion. From the point of view of the group G, we have produced a vector in the
representation induced from the representation ms of G). Now the well-known
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branching law and the Frobenius reciprocity theorem give a description of this in-
duced representation as a multiplicity one direct sum of representations ms of G,
where the highest weights 6’ of G satisfy the interlacing condition

6126 2>6>--->6, 216 n odd, or
61>26265>---26,>16,44|, mneven

Here T is a maximal torus for both G, and G if n is odd, while for n even we
enlarge T to include rotations in the (n — 1)-n plane to obtain a maximal torus for
G. In all cases except v = vg = m — 1 = k with §, # 0, it is clear from Theorem
1 of [10] that fs is a highest weight vector for the representation ms of G with
8" = (61,61,62,63,...,64,0,...,0). Thus fs lies in a fixed one-dimensional space.

Finally we need to substitute the function ¢ corresponding to fs into (2.16) via
Lemma 3.1 and to simplify the resulting explicit expression for a Fourier component
F) s in each irreducible representation of G x V. In particular, we can combine the
H integral in (2.16) (really an integral over H/H)) and the O(m — 1) integral in
(3.10). To simplify notation set

(3.12) Ms(u)) - ﬁ Mj+l(w)2,\j
7=1

so that

(3.13) fs(w) = /O(m—1) M (w <8(1]>> dr.

From (2.16) and Lemma 3.1 we have

FA,6 (ga z) = / ¢(gh)ei’\<xvghen) dh
S(O(k)xO(m))

S (42
S(O(k)xO(m)) Im
- / fs <g(0>) (iMEa(sen)) g

Oo(m) s

since the O(k) component of h does not change the integrand (here (se,) means
-1
((I) g)en). Now substitute (3.13) and make the change of variable s — s(" (1’)

Notice that this does not change se,. This makes the integrand independent of r,
&)

(3.14) Frs(g,z) = M, ( g (O>) Mz 9(sen)) g,
O(m) s

Let us introduce some simplifying notation. A k-plane will be parametrized
[w,y] with w € ST and y € R™, so that [w,y] is the set of points in R™ of the
form u + wy, where u € wt (i.e., u®*w = 0). The extent of nonuniqueness is that
[ws,s~1y] = [w,y] for any s € O(m). The relationship with the coset (¢H,z + W)
notation is that w = g( I?n) and = wy mod W.

Then g(g) = ws and g(se,) = wsem, where e, is the mth unit vector in R™.
Thus (z, g(se,)) = (wy,wse,,) and since w € ST, this is equal to (y, sem), where
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the inner product is now in R™. Thus (3.14) becomes
(3.15) F)\’g([w,y]) = / M5 (ws)ei/\(’y,sem) ds.
O(m) .

If vp < m then it suffices to integrate over SJ7, since only vy columns of w are
needed to define Ms.

4. Harmonic analysis of induced representations. Now we consider the
general case of a semidirect product G x V, where V is abelian, and the harmonic
analysis of any representation induced from a subgroup H x W. More specifically,
we assume that G and V are locally compact groups, V is abelian, and p is a
continuous homomorphism from G into the automorphisms of V, so G x V is a
locally compact group under the composition law

(91,21) © (9,7) = (919, %1 + p(91)7).

We assume H and W are closed subgroups of G and V respectively, with p(H)W C
W. Let Z =V /W, and let V, W, Z denote the respective dual groups of V,W, Z, so
that V = W@Z canonically. We assume the action p(G) on V defined by p(g)¢(z) =
£(p(g)~'z) is sufficiently regular for the Mackey theory [8] to be applicable and the
same for the action of p(H) on W and Z. It suffices, for example, to assume that
G and V are Lie groups.

Now by Mackey’s theory, every irreducible unitary representation of H x W
is itself an induced representation from a subgroup Hy x W, so by “induction by
stages” we can induce directly from HyxW to GxV. In other words, we may assume
without loss of generality that the representation of H x W from which we are
inducing has the form 7 x x, where 7 is an irreducible unitary representation of H on
¥, and x € W such that p(H)x = x. The representation space is L2(GxV, ¥, wxx),
functions f: G — ¥ satisfying

(4.1) f(gh,z + p(g)w) = x(w)n (k)™ f(g, )

and

L [ 1 p@2)? dgdz = 11713 < oo,
G/HJZ

where we have chosen (not canonically) a quasi-invariant measure dg on G/H and
an embedding of Z in V', and ||f(g, p(¢9)2)]| denotes the norm in ¥. The induced
representation action T'(gq,z;) in L2(G x V, ¥, 7 x X) is

(4.2) T(91,21)f(g,2) = J(91,9)**f (919, 21 + p(g1)),

where J(g1, g) is the Radon-Nikodym derivative of the translate by g; of the mea-
sure dg with respect to dg.

As before, the first step in the harmonic analysis of T is to apply the abelian
harmonic analysis on Z to the function f(g, p(g)z) for each fixed g. Thus

(43) f(9,0) = /Z 1(9,0(0)2)5@) d,

(4.4) 1(9,0(g)2) = /Z f(a.9)¢(z) de,
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(4.5) 113 = /G y /Z 1f(a. <)l d¢ dg

if the Haar measures dz and d¢ are consistently normalized. From (4.1) and (4.4)
we obtain

(46) flg.2) = /Z Xe@ D) 1(9.9)c(olg)12) de,

where we have identified x € W and ¢ € Z with elements of V under the canonical
identification V =W & Z. (We denote the group product in 1% multiplicatively.)

Next we decompose Z into orbits Zy under p(H), indexed by A € A, and choose
o€ 7, for each \. Let H A denote the isotropy subgroup of H for ¢). Now invoking
the regularity assumption for the action of p(H) on Z, we can choose quasi-invariant
measures duy on H/H) and a measure dv on A such that

/z () dg = /A ( /H s ¢(p(h)§x)dm(f_t)> dv(})

for any integrable function ¢ on Z. We apply this to (4.6) to obtain

(4.7) flo.2) = [ Fu(gz) dviv)
A
where
@8) B = [ @6k e(b)ea(plo) o) dua ().
H/H,
To simplify this we define
(4.9) ox(9) = f(g, ).
From (4.1) and (4.3) we obtain
(4.10) f(g,p(R)6x) = (R)éx(gh)
and
(4.11) oalghy) = 7r(h>\)‘1d>,\(g) for all hy € H).
Then (4.8) becomes (using p(h)x = x)
@) B = [ @) eleh)  aIn(h)o(ah) dis (B
H/H\

We also have

2 _ 2 T Y —
T /G . /A /H o IR dn B ) g

and we can combine the integrals over G/H and H/H) into a single integral over
G/H), with respect to a suitable quasi-invariant measure du,(g), so

(4.13) 1] = /A /G o 1620017 s @) 20,

The next step, one that does not occur when 7 is trivial, is to restrict = to =
and decompose it into a direct integral of primary (or irreducible) representations.
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We assume that ¥ = f A Hada, T= f 4 Ta da on H) is such a decomposition, where
da is a suitable measure on an index set A and for each a € A, 7, is a primary
(or irreducible) unitary representation of Hy on the Hilbert space X,. We let | ||o
denote the Hilbert space norm on X4, and let P, denote the generalized projection
operator on ¥ to ¥, (unless ¥ occurs discretely, it is not a subspace of ¥). Then
for any ¢ € X,

(4.14) 6= / P.¢da
A
and
(4.15) 1817 = [ 1Pal do,
and we have
(4.16) P,m(hy)¢ = a(hr)Pa¢ for all hy € Hy.
Now we apply (4.14) to ¢x(gh) and substitute into (4.12). We obtain
(417) F/\‘(gs 1:) = [4 F/\,a(ga I) daa
where
@18)  Pua@a)= [ (o) (o(0h) 2)ma(h)6r.a(oh) dis (B
H/H, .
and
(4.19) ¢/\,Ot(g) = Padx(9)-
Notice that @) o: G — ¥, and
(4.20) Or,a(gh) = ma(ha) " dra(g) for all hy € Hy,
in view of (4.11) and (4.16). Also from (4.13) and (4.15) we obtain
(4.21) 19 = [ [ [ 1oralo)l2 din(@) dedd
rJaJay/H,

which shows that for a.e. choice of A and @, ¢x o € L?(G, Hy,7,), which is the
representation space for the representation of G induced from n, on H). We may
interpret (4.18) as defining an intertwining operator from L?(G, Hy, 7, ) to a space
of functions F (g, ) on G x V. In fact, taking the T(gq,z1) action on F) , given
by (4.2), under (4.18) this is intertwined with

(4.22) Tha(91,21)00a(9) = J(91,9)*(x 2 0) (p(991) " 21) 2,0 (919)

and J(g1,9) is the correct Radon-Nikodym derivative for the measure du,(g) on
G/H). Thus the action of G on ¢, , is the induced representation from 7, on H).

The last step is to decompose this induced representation by inducing to an
intermediate group G, the isotropy group of ¢, in G. Suppose

ind Ta =/ T\ 0,6 dé
A)‘.a

H)\1G»
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is a direct integral decomposition into primary (or irreducible) representations of
G», and denote by Py s the associated projection operator from L?(Gy, Hy,Tq)
onto the representation space for 7 5. This means

(4.23) 6= / Pyaséds,
AX,a

(4.24) 163 o = /A 1Py 58130 s 6
A

for any ¢ € L?(Gy, Hy,my), where || ||x,o denotes the norm on L?(G), Hy,T4) and
[l lx,a,6 denotes the norm on the representation space for 7 4,5. Also we have

(4.25) P> .a,690(929) = ,0,6(92) Px,a,6 #(9)

for any g) € G. Usually it is possible to realize the representation space of 7y o5
as a generalized subspace of L?(Gy, Hy,T4), in other words as functions on G
satisfying (4.20), and P} 4,5 as a convolution operator

(4.26) Py a,s9%(g) = /G (995 ") Kx,0,6(92)dgr  (for g € G»)

with a suitable kernel K o s. We will adopt this notation in general.
Now we define (for g € G)

62,0,6(9) = Pra,60r,a(9) = /G ér,0(995 ) Kx a,5(92) dga.
A
This will be the final “Fourier transform,” and it is given in terms of f by

(4.27) Dra5(g) = /G /Z Pof(ggyt, p(995 1) 2)er(2) Kx a,s(g2) dz dga.

The associated Fourier component F) 4 ¢ is

(4.28) Fras(9,7) = /H - (x"'2)(p(gh) " 2)Ta (h)dx 06 (gh) dur(h),

the Fourier inversion formula is

(4.29) f(g.2) = / / / Fr0.6(0,) d6 dardv(N),
AJAaJAa, .

and the Plancherel formula is

(4.30) 197 = [ [ [ 1835 dsdaduin)
AJadas .

The action Ty o(g1,Z1) on ¢ 4,5 given by (4.22) intertwines the action T'(g;, z1) on
F) o5 given by (4.2), and so F), 4 s realizes the primary or irreducible representation
of G x V associated to the point x !¢, in V and the representation Tx,a,6 Of Ga.
In the case that either 7 45 OF T, are primary representations, the space of F o s
components will have multiplicity equal to the product of the multiplicities of 7y o s
and 7.
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5. Orthogonal Radon transformations. Fix values of k and k' between 0
and n — 1, and fix j between max(0,k + k¥’ — n) and min(k, k’). We are going to
define a generalization of the Radon transform, R(k’, k, 7), from functions on P, i
to functions on P, x, that intertwines the action of G x V. Given a fixed k-plane T,
consider all k’-planes 7’ that intersect 7 orthogonally in a j-plane. If the k-plane
7 is (w, y], where w = g( ,?n), then it is not hard to see that all such k’-planes are of
the form

[g (8 2) ) (rtz,y)] , wheresGS,'f_j, r € ST, and ze Rk

ford=m' — k + j (note 0 < d < m). Thus we define

(5.1)  R(K,k,j)f ([g (I?n) y])
=Lk_,. /y fs‘,:_jf ([9(3 2)(,&)]) ds dr dz

for suitable functions f, and we will call R(k’, k, 7) (or just R) an arthogonal Radon
transform. It is easy to see that R intertwines the actions of the Euclidean motion
group. We expect that R(k’,k,7) is diagonalizable via harmonic analysis: If the
harmonic analysis of f is given by

(5.2) f= ” Fysdv()),

then

(5.3) Rf = / ~ Y RF, sdv())
0 sea

is the harmonic analysis of Rf. Of course the integrals in (5.2) and (5.3) must be
taken in a suitably regularized sense, and the expression RF) s is formal, since the
mild decay at co of F) s will not always be enough to make the integral defining
RF) s converge pointwise. However, if we can make sense of RF) 5, Schur’s lemma
assures us that the operator is uniquely determined up to a constant multiple.

Already, without doing any computation, (5.3) gives us a lot of information by
comparing the set of highest weight vectors § € A’ for P, ) with the set A for
P k. We have A’ C A if and only if min(k/,n — k' — 1) < min(k,n — k — 1), so
this condition is necessary if we are to have R invertible (RFy s = 0if § € A’ but
8 ¢ A). Similarly the reverse inequality is necessary if we are to have R onto.

To get more information we need to compute RF) s for the function F) s given
by (3.14) (or equivalently (3.15)), which we will denote G s or G 5 (for the choice
of k or k', respectively). We have

(5.4) RG) s = c(A\,6)Gxs
by Schur’s lemma, and it is not hard to see that

(5.5) c(\, 8) = N k¢(6)
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by considering the action of dilations (this will also come out of our computations).
To compute c(8) it suffices to evaluate G 5 and RG’ 5 at a single point for which
G s is nonzero.

Now by (3.15) we have

G 5([w,0]) = Ms(ws) ds
O(m)
and we choose w = w, where W, = €1, Wm-1 = €3,.... Then a, - Wm—g41 = 8f,
and so

Vo
M;s(ws) = H(det{qu}ISp,qSiH)”i
i=1

(with a slight modification in the case n odd, m — 1 = k) and we have the nonzero
value

(5.6) Gy s([@,0]) / H (det{spq}1<p, q<z+1)2’\" ds,

where ); is given by (3.11) and depends only on é. Presumably there is an explicit
formula evaluating this integral, but we have not been able to find it.

Next we compute RGY 45([@,0]). Strictly speaking we should multiply by a test
function ¢ ()) supported away from the origin and integrate, for then [ () A6 dA
will be rapidly decreasing, so R [ ¥()\)G} 5 @ is well defined and

R/¢(A sd) = /c(/\é A)Gxs dA

is the analogue of (5.4), from which we can recover c¢(),6). However, it is simpler
to compute formally but directly. Choose g € G such that g}( I?,.) = @. Then

RG}\ s([©,0])

/ / / M5< (3 0) )ei’\((g)’tle'"'>dzdsdrdt’.
o(m') m Sk Rk-J

Now we can perform the z integration and obtain a factor (2r\)7~* times the 6-
function in the first k — 7 variables of t'e,,,. However, since we can always change
the r variable by multiplying on the right by an element of O(d), we can force the

last column of ¢’ to be
0

and so

(5.7)  RG 5([@,0])

_ j—k ~ [.[s O t 0 "
—ans L (el 0) (G )))maan
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Further properties of R will require a more explicit evaluation of the integrals in
(5.6) in (5.7). In particular, we mention the question of whether or not (5.7) is
zero. In the special case 7 = 0, n odd, and k+ k' = n— 1, Gonzalez [3] has inverted
R by a different method.

We can similarly define orthogonal Radon transforms on the n-sphere S™ =
SO(n +1)/SO(n). A k-plane in S™ (a totally geodesic k-dimensional subspace)
is the intersection of the sphere, embedded in R®! in the usual way, with a
k + 1-dimensional subspace through the origin in R™*1, so the space of k-planes is
Gn+1,k+1, and an individual k-plane can be represented either by g € SO(n+1) or
by w = g( I?n) € S+l where m+k = n. As before we will write [w] for the k-plane
associated with w (so as a point set in S™ it is the set of vectors orthogonal to the
m columns of w).

Again we fix values k and k' between 0 and n—1 and j between max(0, k+ k' —n)
and min(k, k'), and consider for a fixed k-plane 7 all the k’-planes that intersect
m orthogonally in a j-plane. The integral transform from functions of k’-planes to
functions of k-planes associated with integrating over this set is given by

weion ()L o (1 )

where d = m/ —k+ 3. If f = ) 5. Fs is the harmonic analysis of a function of
k'-planes (here A’ is the set of weights (4y,. .. 16,4,0,...,0) where

vy = min(k’ + 1,m’)

and 6; are even), then Rf = ) ;. A, RF;s is the harmonic analysis of Rf. Further-
more, if for F5 we choose the marked function (see §6)

Gs([w]) = Mg (wt)dt,
Oo(m')
where )
Yo
Mjg(w) = H det{a, 'wM’—q+l}¥2ip,qSi
i=1

with 2); = é; — ;41 (with the obvious modification in the case k' + 1 = m/ and
6., < 0), then RG5 = ¢(8)Gs. If we choose w = & as before then in analogy with
(5.6) we have

Vo
Gs([@]) = / H(det{qu}ISp,qSi)”i ds
O(m) ;1
and also

RGy([@]) = O(ml)/memM,s ([;;(3 2) tD dsdrdt’.

6. Concluding remarks. (1) There is some confusion in our previous pa-
per (10] concerning the representations that occur in L? of the Grassmannian
manifolds, arising from our failure to distinguish between the Grassmannian G,
(either as SO(n)/S(O(m) x O(k)) or O(n)/O(m) x O(k)) and the larger space
SO(n)/SO(m) x SO(k). Also, we now have a very elegant result due to Helgason
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[6, 7], giving the integrality condition on the highest weight § = (61,62,...,6,)
which is necessary and in some cases sufficient for the representation 75 to appear
in G/K for any compact symmetric space, where G and K are both connected,
as follows. Let G¢ denote the complexification of G, and let G be a connected
real-form such that G/K is the dual symmetric space to G/K. Choose a max-
imal torus T in G which splits T=T1®T with T, C K ar~1d such that the
complexification of Ty intersects G in the abelian component A of the Iwasawa
decomposition of G. Then Helgason’s condition is that é restricted to T must be
zero, i.e., 6 = (61,...,6y,,0,...,0), where v is the dimension of T} and in addition

(6,a)

€Zt forallac AT,
(, @)

(6.1)
where A™ is the set of positive roots for G. In (7] Helgason proves this is necessary
and sufficient under the assumption that G is simply-connected. However, the
necessity is easily seen as follows (this argument is given in Flested-Jensen [2, p
180], but he also asserts that it is sufficient without giving a convincing proof). If
Ts appears in G/K, then the holomorphic extension of 75 to G¢c when restricted
to G yields a finite-dimensional representation 75 of G with a K-fixed vector, and
75 determines ms uniquely. But then the results of Helgason [6] describe all such
representations as being given by highest weights (on A) satisfying (6.1), and it is
easy to see that the weight must be the restriction of § to A. We do not need the
sufficiency of (6.1) because we can explicitly construct the representations.

In our case G = SO(n), K = SO(m) x SO(k) with say vy = m < k. The group
G is SO, (m, k), and A = expal(t) for t € T™, where

0 diag(t) 0
a(t) = | diag(t) 0 0
0 0 0
and diag(t) denotes the m X m diagonal matrix with diagonal entries ty,...,¢n,

and the roots are easily computed to be t = (t1,...,tm) — *t, 2 ts for r # s with
multiplicity one, and t — =+t, with multiplicity k¥ — m. The usual lexicographic
ordering yields the positive roots t — t, +t, for r < s and t — ¢, (if k > m). Thus
(6.1) says 6, + 6, € 2Z* and 6, € Z* if k > m. In addition to the usual conditions
for a dominant weight for SO(n), 6; integers and 6; > 6 > -+ > 6 > 0 if
k>m (6> 63>+ > 6m-1 > |6m| if k = m), we have the additional requirement
that all the §; for j = 1,...,m have the same parity (this condition is misstated in
(10)).

Now if we wish to realize the highest weight vector for each such representation
as a function on ST invariant under the action on the right by SO(m) we take

62) Go(w) = /S o Malen)

where

Vo
6.3) Ms(w) = [] det{a, - wg} 55,
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(in the case k = m and é,, < 0 we replace a,, by @, and take |6,,| as the exponent
when 7 = m). The fact that Ms(w) is a highest weight vector for é on S7 is
established in [10], and the invariance is clear from (6.2). The fact that we have a
nonzero value for Gs(w) for w = @ as in §5 uses the fact that §; — 6,4 is even for
1 < 1o = m, and det{ap - wq}1<p,q<m is invariant under w — wt for t € SO(m). In
[10] we used a summation rather than the integral in (6.2).

Now to get functions on the Grassmannian we need to have invariance under
O(m), and clearly this depends oon the parity of 6,, being even. Altogether then
we require

(6.4) 6= (61,...,000,0,...,0) with éy,...,6,, even,

and then (6.2) and (6.3) give an explicit realization of a nonzero highest weight
vector. Notice that we no longer require m < k here (we cannot dispense with
this hypothesis when §,, is odd, however, for then the integral in (6.2) will vanish
identically). We could also take the integral in (6.2) over O(m) rather than SO(m).

Helgason’s theorem also provides a formula for the zonal spherical function of
the representation 75 in G/K. This might be quite useful for some applications,
but it does not provide a “marked” vector that can be compared when we vary K.

(2) We have dealt with Grassmannian manifolds and bundles over the real num-
ber field R, but everything generalizes to the complex and quaternion fields. Here
we briefly indicate the modifications in the complex case. The Grassmannian man-
ifold GC,, x of complex k-dimensional subspaces of C" can be regarded as G/H
with G = SU(n) and H = S(U(k) x U(m)), where k + m = n, or we could take
G =U(u) and H = U(k) x U(m). We will take the latter case even though U(n)
is not semisimple since it contains more information (every irreducible represen-
tation of U(n) is already irreducible in SU(n), but restriction to SU(n) does not
determine the representation on U(n)), and it is somewhat simpler.

The Grassmannian bundle then is constructed by taking V = C", p as the
standard representation of G on V', and W = C¥. The orbits of p(H) on W+ are
again spheres parametrized by the positive radius A > 0, and if

then
Gy=U(n-1) and H)=U(k) xU(m-1).

We choose the diagonal matrices as a maximal torus in G and G,; these have
dimensions n and n — 1, respectively. Irreducible representations of G are indexed
by highest weight vectors § = (61,...,6n—1), where the 6; are integers satisfying
61 > 62 > -+ > bp—1. Those which are of class one with respect to H) are of
the form (61,...,6u0,0,...,0,—6y4,...,—61) , where vy = min(k,m — 1) and there
are n — 1 — 2y zeros, and the highest weight vector, realized as a function on the
Stiefel manifold U™~ = U(n — 1)/U (k) which are invariant under the right action
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of U(m — 1), are given by fU(m_l) M;s(ws) ds where

vo
Ms(w) = H(det{wp,q }qu,qSi det{‘:’n—p,q}ISp,qSi)&_&“
1=1
(see [11, p. 321]).
Now we introduce coordinates [w, z] on the Grassmannian bundle with w € U
and z € C™ for the k-plane w' + wz. The analogue of (3.15) is now

Fs(lw,2]) = Ms(ws)eARetzisem) g
U(m)
where
~ VO
Ms(w) = [[(det{wmt1-pa}1<pacitt det{@mi1—pnt1—qticpacivn)® o+,
i=1
The function F) s is marked as the highest weight vector for the representation
of G with highest weight

(51361,62" .. aél/oaoa' "1Oa _61103" 'v_621"61’_51)
with n — 2v — 2 zeros unless k = m — 1 = vy, in which case the weight is
(61551a62a~ . ~6U0—170’ —5Vo—la ceey _621 _61, _61)

(in the case n = 3 it is just (61,0, —6;1)). There are analogous orthogonal Radon
transforms as well. We leave the details to the interested reader. For compact
analogues see Grinberg [5].

(3) The invariant differential operators on the Grassmannian bundle have re-
cently been determined by Gonzalez and Helgason [4]. They find v+ 1 generators,
which is consistent with the fact that there are vy + 1 parameters among A and 6,
and suggests that this is the natural “rank” of the space. It would be interesting
to diagonalize these operators.

(4) There is no invariant Riemannian metric on the Grassmannian bundle, nor is
there an invariant semi-Riemannian metric. This fact has significant consequences
for the harmonic analysis; in particular, it means that we cannot control the smooth-
ness of a function merely by the decay of its Fourier components. Thus while we
should expect a simple Paley-Weiner characterization of the Fourier components of
functions in D or S, the characterization will involve smoothness of the components
as well as decay in A and 6.

Another consequence is that there is no natural definition of Sobolev spaces. Of
course we can define quasi-invariant Riemannian metrics (so that the group actions
are Lipschitz continuous) and Sobolev spaces based on these, but it is not even
clear whether there is a natural equivalence class of quasi-invariant metrics. Of
course one can define Sobolev spaces where only derivatives in the fiber directions
are allowed, and these spaces might enter into a Plancherel formula for orthogonal
Radon transforms.

(5) The Grassmannian bundle P, x can be thought of as a limit of Grassmannian
manifolds Gp+1 k+1 of k-planes in S™ as the radius of the sphere tends to infinity.
In the case of points, k = 0, the harmonic analysis on the sphere S™ and the
harmonic analysis on R™ are related by the well-known Mehler-Heine identities.
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One would similarly expect there to be limiting relations connecting the harmonic
ana.lysis of Gn+1,K+1 and Pn,k-

One can also obtain P, j as a limit from the “other side.” Namely, consider the
hyperbolic Grassmannian bundle of totally geodesic k-dimensional submanifolds of
an n-dimensional hyperbolic space of constant curvature. This can be identified
with O(n,1)/0O(m) x O(k, 1) which is a semisimple symmetric space, and P, x is
obtained in the limit as the curvature tends toward zero. Very little is known about
the harmonic analysis of this semisimple symmetric space, and one can hope that
some light will be shed on this problem by the results of this paper.

REFERENCES

1. M. Berger, Les espaces symétriques non compact, Ann. Sci. Ecole Norm. Sup. 3) 74
(1957), 85-177.

2. M. Flensted-Jensen, Harmonic analysis on semisimple symmetric spaces, Proc. 1982-83
Maryland Conf., Vol. III (R. Herb et al., eds.), Lecture Notes in Math., vol. 1077, Springer-
Verlag, Berlin and New York, 1984, pp. 166-209.

3. F. Gonzalez, Radon transforms on Grassmann manifolds, thesis, MIT, 1984.

4. F. Gonzalez and S. Helgason, Invariant differential operators on Grassmann manifolds,
preprint.

5. E. Grinberg, Spherical harmonics and integral geometry on projective spaces, Trans.
Amer. Math. Soc. 279 (1983), 187-203.

6. S. Helgason, A duality for symmetric spaces with applications to group representations.
I, Adv. Math. 5 (1970), 1-154.

7. —, Some results on eigenfunctions on symmetric spaces and eigenspace representa-
tions, Math. Scand. 41 (1977), 79-89.

8. G. W. Mackey, The theory of unitary group representations, Univ. Chicago Press, 1976.

9. T. Oshima, Fourier analysis on semistmple symmetric spaces, Proc. Marseille-Luminy
1980 Conf. (J. Carmona and M. Vergne, eds.), Lecture Notes in Math., vol. 880, Springer-
Verlag, Berlin and New York, 1981, pp. 357-369.

10. R. Strichartz, The ezplicit Fourier decomposition of L2(SO(n)/SO(n — m)), Canad. J.
Math. 24 (1972), 915-925.

11. ___, Bochner identities for Fourier transforms, Trans. Amer. Math. Soc. 228 (1977),
307-327.
12. | LP estimates for Radon transforms in Euclidean and non-Euclidean spaces, Duke

Math. J. 48 (1981), 699-727.

DEPARTMENT OF MATHEMATICS, CORNELL UNIVERSITY, ITHACA, NEW YORK 14853




